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I f  G is a finite group, G, will denote one of its Sylow p-subgroups. Let V? 
be the class of finite groups H such that every subgroup of H, is normal in H. 
Since a cyclic group of order 2% has no nontrivial automorphisms of odd order, 
it follows that PY is also the class of finite groups of the form K x L where K 
is an Abelian or Hamiltonian 2-group and L is of odd order. It is also clear 
that % is closed under taking of subgroups and factor groups. 
THEOREM. I f  G = AB with A E %? and B E %T, then G is solvable. 
Proof. Deny the theorem, and let G be a counterexample of least order. 
There is no nontrivial normal solvable subgroup of G. For if M were such, 
then G/M = (AM/M)(BM/M) would be solvable by the inductive hypothesis, 
and G would be solvable. 
By the Feit-Thompson theorem [2], we may assume that A, f  1. Since 
N(A, n B,) = G, A, n B, is a normal solvable subgroup. Hence A, n B, = 1. 
Suppose that B, # 1. Since B, is solvable, N(B,) < G. By the inductive 
hypothesis, N(B,) = (A n N(B,))B is solvable. Since A,B, = G, (see [6]), 
N,p(B,) > B, , and N(B,) n A, # 1. Hence 
[N(B,) n AJG = [N(B,) n AJAB = [N(B,) n AJB C N(B,). 
Therefore [N(B,) n A,IG is a nontrivial normal solvable subgroup. This 
contradiction shows that B, = 1. Thus B is of odd order. 
Let M be a minimal normal subgroup. If  AM < G, then AM = A(AM n B) 
is solvable, hence M is solvable. Therefore AM = G, and similarly BM = G. 
Hence A/(A n M) z G/M s B/(B n M). Thus o(A/(A n M)) is odd, so 
that A n M 3 A, = G, = M2 . Now M, as a nonsolvable minimal normal 
subgroup, is the direct product of k copies of a simple non-Abelian group 5’. 
There is an S, C ikZz since 5’ 4 M. If  K > 1, then N(S,) contains a copy of S, 
hence is nonsolvable. If  N(S,) = G, then S, is a nontrivial normal solvable 
subgroup of G. If  N(S,) < G, then N(S,) = A(N(S,) n B) is solvable by 
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the inductive hypothesis. Since there is a contradiction in either case, K = 1, 
and M is simple and non-Abelian. 
By a theorem of Glauberman [.?, Corollary 71, Ms is not Hamiltonian. 
Hence M2: is Abelian. By a theorem of Walter [S], either 
(i) M = PSL(2,q) where 4 = 3 or 5 (mod 8) and Q > 3, 
(ii) M = PSL(2,2”) where n > 1, or 
(iii) M contains an involution x such that C,(x) is not solvable. 
Case (iii) leads to a contradiction as in the last paragraph. Hence M = PSL(2, q) 
where 4 is perhaps even. 
Since M n C(M) = 1 and o(G/M) is odd, o(C(M)) is also odd. Hence 
C(M) is a normal solvable subgroup of G, and C(M) = 1. Therefore G is 
isomorphic to a group of automorphisms of M containing the inner auto- 
morphisms. But Aut(M) has a subgroup H of index 1 or 2 of the form MK, 
M n K = 1, where M is identified with its group of inner automorphisms 
and K is the cyclic group induced by all field automorphisms of GF(q) 
(see, for example, Steinberg [4], Theorem 3.21). Since o(G/M) is odd, 
G C H, hence G = MF, M n F = 1, and F is cyclic of odd order and 
induced by field automorphisms. 
Case 1. q = 3 or 5 (mod 8). A h t s or computation shows that A, = M, 
has order 4 and is the four group. Hence 
C(A,) = A(C(A,) n M) = AC&M,) = AM, 
(see [I], p. 2681). Hence A n M = A, and C(A,) = A. 
IfF = 1, then G = 111, A = A n M = A, , o(A) = 4, and [G : B] = 4. 
But then, the kernel of the permutation representation of G on the cosets 
of B is contained in B, hence is solvable, hence equals 1. Thus G, as a 
subgroup of S, , is solvable. Therefore F f  1. 
Now q = pm with p prime, and M contains a copy of PSL(2,p). Also 
PSL(2, p) C C(F). Since a Sylow 2-subgroup of PSL(2, p) has order 4, 
C(F) contains some Azz. But G = AxB also, so that we may assume that 
C(F) 3 A,. Thus F C C(A,) = A. Also A/A, s G/M z F, A = A, x F, 
and A is Abelian. 
Let H be a subgroup of F of prime order r. Then PSL(2, pmlr) C C(H). 
Since C(H) > A, C(H) is solvable. Hence p = 3 and m = T is a prime. 
Since GF(q) has only m automorphisms, o(F) = m. 
We have (A n B)G = (A n B)B C B, hence (A n B)G is a normal solvable 
subgroup. Therefore A n B = 1. This yields, o(A,) = 4, o(A) = o(A,)o(F) = 
4~2, o(B/(B n M)) = m, m2 / o(G), o(G/M) = nz, hence m 1 o(M). But 
o(M) = (3” + 1)(3”9(3” - 1)/2 and 3m = 3 (mod m). 
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Since m is an odd prime, it follows that m = 3. Thus o(M) = 28.27-2612, so 
that 13 1 o(G). But o(A) = 12, hence [G : II] = 12. The representation of G 
on the cosets of B is faithful of degree 12, an impossibility since 13 ] o(G). 
Case 2. q = 2”, n > 1. We have A C C,(A,) = C,,(Ma). We may 
take Mz to be the set of matrices of the form (i F). Let x = fm E C,,(M,), 
f E F, m E M. Since f fixes (i i), so does m. A brief computation then shows 
that m E Mz . Therefore xm-l = f must fix all matrices (t 9, so that f = 1. 
Thus x = msMz. Therefore A CM, , so that o(A) = 2”, and M has a 
subgroup B of indes 2”. But this is false ([I], p. 286), and the proof is complete. 
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